INTRODUCTION
A well-known result of A. Kirillov says that every irreducible unitary representation of a connected nilpotent Lie group G is monomial, i.e., is induced by a one-dimensional representation of some closed subgroup of G. It is known also that nilpotent Lie groups are of type I, i.e., every factor representation is a multiple of an irreducible representation. Thus Kirillov's result is extended by the following result of K. C. Hannabuss and R. Howe: If G is a nilpotent locally compact group (second countability will always be assumed), and cr is a multiplier on G such that the pair (G, a) is of type I, then every irreducible unitary a-representation of G is monomial ([S] or [9, Proposition 51) .
Under the additional assumption that G is discrete and abelian, A. Carey, and W. Moran proved that if (G, CJ) is not of type I then G has a non-monomial a-representation [S] . They have extended this result to the case in which G is discrete and nilpotent, but that proof is not published. Their proof uses the Subgroup Theorem of Mackey and probably requires discreteness. In this paper we treat the general abelian G by using the general version of the Mackey analysis of group extensions [IS] . This requires construction of a suitable virtual subgroup of G and representation of it, i.e., cocycles of the action of G that produces the virtual subgroup. Before discussing the proof, we need to review some notation and results from [S] .
A Bore1 function 0: G x G + T is called a multiplier or 2-cocycle if for all X, y, and z in G the equation a(x, y) a(xy, z) = a(x, yz) o( y, z) holds. Then a unitary valued Bore1 function on G, x is called a a-representation if n(x) rc( y) = 0(x, y) rc(xy) for all x and y in G. The pair (G, a) is said to be of type Z if every factor o-representation (i.e., rc(G)" n X(G) is the scalars) is a direct sum of copies of one irreducible o-representation. This paper provides a proof that if (G, CT) is not of type I then G has a non-monomial irreducible a-representation.
It is useful to introduce the skew-symmetrised form 6 of c: define 6(x, y) = a(x, y) (T( y, x))' for x and y in G. Then it is easy to check that 6 is a bicharacter, so if we define 6(x)(y) = c?(x, y) we can also think of 17 as a homomorphism of G into 6 or into the dual of any subgroup of G. Since Bore1 homomorphisms are continuous, we know that d is continuous from G to G. If 6 is one-one, we say that IJ is non-degenerate, and it is proved in [S] that it suffices to consider this case. This is done by working with the subgroup Go, defined to be the annihilator in G of the subgroup c(G) in 6, which is trivial exactly when i? is non-degenerate.
If a subgroup H has a one-dimensional o-representation, then (T I H is a coboundary, by definition, and such a subgroup is called isotropic. If we define gH(x)= 6(x)1 H for XE G, then H is isotropic iff rYfi maps H into (1 }. If x is a one-dimensional a-representation of H, the induced o-representation of G is irreducible iff H is maximal isotropic [S] . This is an easy consequence of Mackey's theory in [ 111, as is the fact that (G, c) is of type I iff d,(G) = fi (under the assumption that u is non-degenerate). An example of non-type I pair can be gotten by taking G = R x r, where r is a countable dense subgroup of R, and defining a((~, y), (x', 7')) = eiYX'. Then H = R x { 0} is maximal isotropic and gH(G) is dense and proper.
In this paper the inducing will be done from virtual subgroups of G, i.e., from actions of G, as well as from subgroups. For a definition in the latter case see [S] , and for the former case see [ 151. Here is the plan of the proof. Structure theory tells us that the group G has an open subgroup G, that is isomorphic to a product of a vector group and a compact group. By a result due to V. Bargman [ 13, Theorem 5.41 we can compute g on the vector group via a skew-symmetric bilinear form, which can be put in standard form, so that G, can be written as V,, 0 V, 0 V, @ C, where C is compact, while (T is identically 1 on V0 x V, and given by a non-singular skew-symmetric bilinear form relative to the splitting V, @ V2. Set W = V0 @ I', and choose a maximal isotropic subgroup H containing W. This choice of maximal isotropic subgroup helps to simplify the rest of the proof. Let p be the homomorphism c.H of G into fi. This homomorphism gives the action of G on fi that appears in the Mackey analysis of group extensions. The subgroup p(G) is dense in fi, because (T is non-degenerate, but not equal to I?, because (G, c) is not type I. Thus there exist measures on fi that are ergodic for the action of G, but not concentrated on orbits: non-transitive quasiorbits. In Section 1 we show that every quasiorbit in I? is associated with an irreducible crepresentation of G, so the rest of the work is to show that a measure exists that could not be associated with a monomial representation.
We determine in Section.2 which quasiorbits arise from monomial a-representations of G, and they are as follows. If n is induced by a onedimensional representation of a maximal isotropic subgroup K, there is a homomorphism $ of G x K' into fi whose restriction to the first factor is p and this gives an action of G x KL on fi for which the orbits contain those of the action of G. Each orbit has a natural measure class as a coset space of G x H' and is in fact coset of the image of $, a subgroup of fi. The restriction of rt to H is associated by the Stoneevon NeumannAmbroseeGodement theorem with a projection valued measure on fi whose measure class is one of these natural classes on a coset of the image of cc/. If n' is an irreducible g-representation of G, n' 1 H is likewise associated with a projection valued measure on fi whose measure class is ergodic for the action of G, though it need not be of the special type. This measure class is called the quasiorbit of rc'. The quasiorbits of monomial representations will be called monomial classes. Thus it will suffice to construct a representation which has a quasiorbit not concentrated on a coset of any subgroup of this type, i.e., not a monomial class.
Let C be a locally compact abelian group and let A be a countable dense subgroup. Let $ be a continuous homomorphism of a locally compact abelian group D into C. Then $ enables D to act on C and the orbits of this action are the cosets of the image of $. Thus each orbit has a natural measure class, as a coset space, which can be represented by the image of a finite measure in the class of Haar measure on D. In Section 3 the methods of [2, 31 are used to show that there always exist measures on C that are ergodic for the action of A and which are at the same time singular relative to the measures on all the orbits of every such D. In Section 4, the structure theory of abelian groups is used to show that the measures from Section 3 can be used to construct quasiorbits that are not monomial classes.
1. EXISTENCE OF COCYCLES THEOREM 1.1. Let G be a locally compact abelian group, let 0 be a multiplier on G, and let H be a maximal isotropic subgroup of G. Suppose p is a finite measure on fi that is quasiinvariant and ergodic for the action of G. Then there is an irreducible o-representation 71 of G for which the associated quasiorbit is [,a].
ProofY By Section 9 of [ 151 these two objects exist: a multiplier 7 of the groupoid fix G that is of the form bz', where r' is lifted from a multiplier w of the groupoid fix (G/H), and a z-representation M of fix G on a Hilbert space 2 such that for x E fi and x E H the mapping M satisfies M(x, x) =x(x). Thus X? must be @.
Let q denote the quotient homomorphism of G onto G/H and define Q from fix G to Ax (G/H) by Q(x, x) = (x, q(x)). In general it is necessary to find an o-representation S of fix (G/H), so that S 0 Q is a r'-representation of fix G and M@ (So Q) is a a-representation of fix G that can be used to induce the desired representation of G. The commuting ring of the induced representation will be isomorphic to that of S, so we need S to be irreducible.
Two examples in Chapter 2 of [I] show that a quasiorbit need not be the quasiorbit of a primary representation of G. What is different here is that G/H is abelian and hence amenable, so the action of G/H on I? is amenable, and G/H acts freely so the resulting groupoid is isomorphic to the groupoid of the equivalence relation of lying on the same orbit in fi. According to [16] there is a locally closed set in fi that meets each orbit in a countable set. These countable sets are the equivalence classes of an equivalence relation that is similar (or equivalent) to the orbit equivalence relation so it is amenable and thus generated by a single transformation [6] . As groupoids, this equivalence relation and fi x (G/H) are similar (or equivalent) so they have the same cohomology [6, 14, 161 , and their representations are in one-one correspondence. All two-cocycles for a single transformation are coboundaries, so every two-cocyle for fi x (G/H) must be a coboundary. For a single transformation, any one-dimensional cocycle is irreducible, i.e., cannot be decomposed, so it is possible to find many irreducible 5"s by working with the single transformation.
Remark. The general part of this argument is valid whenever H is closed, normal, and type I, and G/H is amenable and acts freely on fi.
SUPPORTS OF MONOMIAL REPRESENTATIONS
This section contains a characterization of the set Jz' of measure classes in I? of the monomial o-representations of G. We begin by recalling the context. If K is a closed subgroup of G, then (G/K) h is naturally isomorphic with K', the annihilator of K in G. If H is another closed subgroup of G, restriction maps G onto Z? giving a natural homomorphism of K' into fi. Restriction can also follow 3 to give a homomorphism of G into I?, and the two together give a homomorphism, $, of G x K' into A. The idea of the proof is to do the calculation in a type I setting. Let G' = G x K', and define w: G' x G' -+ T by w( (g, y), (g', 7')) = a( g, g') y'(g). Then o is a multiplier, being a product of two multipliers.
Remark. See the Introduction for the definition of G'o. y) , (g', y')) = 1 for all (g', y'), then a(g,g')y'(g)y(g')~'=lforall(g',y').Bytakingg'=e,weseethatgEK, and then it follows that y = d(g). ) and (g', Y') are in G' then r5( g, y)( g', y') = IJ( g, g') y'(g) g( g', g) y( g')-' = 6( g, g') y'(g) y( g') ~-' = (rF( g) y ', gK)( g', y'). Since y E K' here, we see that the desired equality holds. hMMA 2.4. Kx KL is maximal isotropic in G'.
Outline of Proof: This is done in the same way as the proof of Lemma 2.2.
Proof of Theorem 2.1. Change CJ if necessary so that c is identically 1 on H x H. Denote a-ind(G, II) by rc, set K' = K x K', and define an extension of 2 to a one-dimensional w-representation ;1' of K' by letting A'(k, y) = 1(k). Identify G with the first factor in G', and observe that G and K' have only one double coset in G', so the subgroup theorem applies. Set 7~' = o-ind(G', I*'). Since GA K' = K, it follows that rc' 1 G = rr, so we need only compute rr' 1 H. Now find a maximal isotropic subgroup of G', H' that contains H, and take advantage of the fact that (G', w) is type I to find a one-dimensional w-representation of H', x that induces 71'. Then x 1 H is a character. The formula for inducing that uses a space of functions on the larger group is easiest to use here. It shows that ~'1 H is x 1 H times the integral over G'/H' of the characters 6( g') / H. Now 5 followed by restriction to H has Ho as its kernel, and this contains H', so the support of rt ( H is actually x I H times the image of G', or the image of G'/Hw, in Z?. If (g, y) E G', we compute that 6( g, y) is equal to (Z(g) ye ') I H, as in the proof of Lemma 2.3. This establishes the theorem.
CONSTRUCTION OF QUASIORBITS FOR COUNTABLE SUBGROUPS
Let G be a locally compact group, and let d be a countable dense subgroup of G. We want to make measures on G that are ergodic for the action of A and have some other properties as well. It will be convenient to make them forming what can be called infinite convolutions, but we will give a slightly different construction. The ideas of this construction are to be found in [2, 31. Suppose that F, is a finite subset of G for n = 1,2, . . . . and form the Cartesian product X= n,, a, F,,. We can try to define a product map from X to G by letting p(x) = lim, _ o. x, ... x,. It the sets F, are in small enough neighborhoods of the identity, this will indeed define a function p. For a finite Cartesian product, such a function would carry product measures to convolutions of measures concentrated on the sets, and for the infinite case, this can serve as a definition of the convolution of a sequence of such measures. Our plan is to choose the sets F,, so that the resulting measures have properties we want.
Note first that it is always possible to choose a neighborhood basis at the identity, ( W,, : n = 1,2, . . . }, so that for each n we have Wi c W,, ~, , and then the product of any finite number of later neighborhoods will be contained in W,,. We can also take each W, to be compact. Then taking F, to be a subset of W,, is sufficient for the existence of the function p as above, and it gives enough freedom for our purposes. First note that if ,U is a non-trivial product measure on X and each F,, is also a subset of A, then p(p) is ergodic for the action of A on X. In fact, we make a A-quasiinvariant measure by taking a countable convex combination of translates of p(p) by elements of A. Such a measure will be ergodic, by Lemma 5 of [2] .
Our next aim is to prove a general lemma which will cover the final step of the proof of the existence of quasiorbits that are not associated with monomial representations. We eventually reach a compact group, C, and need a measure on C that has the properties provided by the next lemma. LEMMA 3.1. Let C be a compact abelian group, and A a countably infinite dense subgroup of C. Then there exists a non-atomic Bore1 probability measure p on C which is quasiinvariant and ergodic for the action of A. Furthermore, u can be chosen so that tf D is locally compact abelian group, 4 is a continuous homomorphism of D into C and c E C, and tf 2 is the image of a finite measure on D that is absolutely continuous with respect to Haar measure, under the map taking d to cd(d), then p is mutually singular with respect to 2.
Proof: Choose a sequence of closed neighborhoods, W,,, as at the beginning of this section. We will choose subsets F,, of A n W, and a probability measure pn on each F, so that if v is the product of the measures pn, then p = p(v) will have the desired properties. We also are interested in the measure pL,, the image of the product, v,, of the first n of the p's Enumerate the elements of A, {d,, d,, . ..}. To obtain the results, we construct at the same time as the pn's a sequence yl, y2, . . . in C so that and MrJ -iI < l/i (i<n) (1) ly,(d,) -1 I < l/n (j<n). (2) Assume that p,, . . . . pn and y, , . . . . yn have been chosen satisfying (1) and (2) . We can choose a neighborhood V of 1 contained in W,, + I such that if r is any probability measure with z(V) = 1, then
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Start by taking one such r that is absolutely continuous with respect to Haar measure on V. Observe that (? is dense in A and that the set {y : i?(r)] 3 1/3(n + l)} is finite, so there is a yI1+, E c\{ I} such that
IPn(Yn+1)-ll<ll(n+l)
and lf(Y,,l)l< 1/3(n+ 1).
Next, there is a convex combination of z and the point mass at 1, p, such that MY,+ I) -$1 < 1/3(n + 1). (5) and (7). In this way we obtain an inductive definition of (p,) and (y,) satisfying (1) and (2) . Now let v be the product of the p;'s and let p = p(v), so p is the limit of the measures pL,, and Ifi -$1 d l/n for all n. We also have y,, + 1 on A by our construction. As a sequence in the unit ball of La(p), (y,) has a weak* cluster point, say f: Since the 7:'s are multiplicative and approach 1 on A, they are approximately translation invariant by A. It follows that the sequence y,(. + d) = y,(d) yn has f as a weak* cluster point, but it also has f (. + d) as a cluster point. Now the same argument applies to any subsequence of (y,), so it follows that f is essentially constant for translation by elements of A. Since p is ergodic for A, we see that f is essentially constant. Since fi(y,) approaches 4, that constant value off must be i. Thus yn + i in the weak* topology on L"(p). For this argument, see [3] . Ergodicity follows by the argument given at the beginning of the section, and a countable convex combination of the translates of ,u by the elements of A will be quasiinvariant, ergodic, and still have yn converging to l/2 in the weak* topology. Now replace ,u by such a measure. Then the next lemma completes the proof.
LEMMA. Let be a finite measure absolutely continuous with respect to Haar measure on the locally compact abelian group D, let 4 be a continuous homomorphism of D into C, and let c E C. If (5,) is a sequence in C such that (,(c$( ')) converges to a constant function k in the weak* topology of L"(A), then Ik( is 0 or 1.
Proof
Consider v], = 4,o 4 E 6. Then [ t,(c&x)) dA(x) = <,Jc) l(n,,). If some subsequence of (qn) tends to co, then (fi(~~)) has a subsequence going to 0, so k = 0. Alternatively, the sequence of qh's is bounded and must have a convergent subsequence. Without loss of generality we may pass to a subsequence which converges in 6. If ye is the limit in 8, then '1 is the weak* limit as well so 1~1 = Ikl.
COMPLETING THE PROOF VIA STRUCTURE THEORY
According to the results of Sections 1 and 2, to complete the proof we need to find ergodic measures for the action of G on fi that are not in the set J# of monomial measure classes, these being the natural classes on cosets of certain subgroups of fi see Section 2). Most of the work in this section consists of using structure theory to reduce the question to one about a compact abelian group and a countable dense subgroup. In preparation for the ergodicity proofs, we first prove the following lemma. LEMMA 4.1. Let G be a locally compact abelian group and let N be a closed subgroup of G. Suppose that X is a standard Bore1 G-space and that the orbit space Y= X/N is countably separated. Let q be the quotient map of X onto Y and suppose c: Y + X is a Bore1 selection for q. Let v be a finite measure on N equivalent to Haar measure and for y E Y let vs. be the image on X of v under the map taking n in N to c( y)n. If u is a finite quasiinvariant measure on Yfor the action of G/N, let V~ = f v,, du( y). Then ,u is ergodic for G/N iff \I~ is ergodic for G.
Proof: Since G is abelian, the action of G will commute with that of N and thus G will act on the quotient space modulo N. Since N has a trivial action on Y, G/N will also act on Y. In general there could be many reasons given for the existence of the selection c, one of the more general being the result of Burgess [4] , which applies after X is imbedded into a universal G-space [12] . However in our applications X is a locally compact second countable group, and N is a closed subgroup of X, so the existence is an easy consequence of the lemma of . We can put (T in standard form on V so that V can be written as I', @ Vi @ V,, where cr is identically 1 on V0 x V and given by a skewsymmetric non-singular matrix relative to the splitting Vi @ V,. Set IV= V,@ V, and choose a maximal isotropic subgroup H of G containing W. Let p be the homomorphism of G into fi obtained by following 6 by the restriction homomorphism. This homomorphism gives the action of G on fi that appears in the Mackey analysis of groups extension. The subgroup p(G) is properly dense in I?, because c is non-degenerate and (G, (T) is not type I. Since c is trivial on H the kernel of p contains H and hence W.
We use structure theory again to find an open subgroup H, in fi that is a product of a vector group and a compact group. The vector group is isomorphic to @ and contains a subgroup V3 identifiable with P,. Then p(G) n H, is properly dense in H,. Since H, has only countably many cosets in E?, the questions regarding ergodicity or mutual singularity of measures can all be treated by studying p(G) n H, in H,. Now p( V,) is contained in H,, and by the form of 0 we know that it projects onto V3 one-to-one under the coordinate projection of H, onto its vector part. Thus p( I',) is the graph of a continuous homomorphism of V3 into the compact part of H, and hence p( Vz) is closed in H,. Of course p(C) is compact in H,, so it follows that p( Vz @ C) is closed in H,, and we know it has only countably many cosets in p(G) because G, has only countably many cosets in G and the kernel of p contains W. If we divide H, by p( V, 0 C), denote the quotient by H,, and denote the quotient homomorphism by 4, then the group D, = d(p(G) n H,) is countable and properly dense in H,. Note that D, is the quotient of p(G) n H, by p( Vz @ C). Also H, is a product of a vector group and a compact group, and the vector part is identifiable with PO,, so we can think of H, as V, crossed with a compact group. By Lemma 4.1, to get a measure ergodic for p(G) n H, it suffices to find one ergodic for D2 in H,.
Now we can take two cases: (a) V,# {e}, (b) VO= {e)-. In case (a), there is a subgroup r of D, that projects isomorphically to a lattice A in V,,. Hence r is the graph of a continuous homomorphism of n into the compact factor of H,, so r is closed. Modulo r, /1 maps into the image of the compact factor so the image of n is finite. Hence the image of I', is compact. By Lemma 4.1, to find a measure ergodic for D2 in H, it suffices to find one for Dz/T in Hz/T. In case (b), H, is compact already, so we always reduce to studying a compact group with a countable dense subgroup.
Proof of Theorem 4.2, Part II, making measures not in &Z. By Lemma 3.1 we can find special ergodic measures on H, or on HJT. We just need to verify that the corresponding measures on fi will not be in JFY.
If K is any maximal isotropic subgroup and rc is induced by a one-dimensional a-representation of K, then rr is associated with a quasiorbit for the action of G on fi which we analysed in Section 2 and found to be concentrated on an orbit of the action of G x KL on Z? described there. Now H, is formed by dividing H, by a closed subgroup of p(G) that is the image of V2@ C, which we can consider as a closed subgroup of G x K'. Thus Lemma 4.1 gives us a G-ergodic measure /1 on H, by integrating over a G/( Vz @ C)-ergodic measure p on H,. A measure in & is the natural measure on an orbit of G x KL in fi and its trace on H, also decomposes over a measure on H, that is the natural measure on an orbit of the action of (G x K')/( V, 0 C). The fiber measures come from the action of V,@ C in both cases, so the measures on H, are mutually singular iff the measures on H, are mutually singular.
In case (b), we are finished because Lemma 3.1 provides such a measure ,u. In case (a), we repeat the same argument using r, which is closed in the image of G x KL in H,. In fact r is the image of a closed subgroup of G. Thus in both cases we can find the necessary measure on H,.
